Abstract. We give a characterization of the pairs of weights (u, v) 
Introduction
Let f be a locally integrable function on R and 0 < α < 1. The Weyl fractional integral is defined as
It is known that p > 1, 1/p > α and 1/q = 1/p − α imply W α maps L p into L q . In 1988 Andersen and Sawyer [AS] characterized those u for which it is true that
with the above restrictions on p, q, α. In this note we study the weak type inequalities for this operator in the case p = q and in the case p < q we obtain necessary and sufficient conditions for the weak type of the operator
where h(s, t) and k(s, t) are positive measurable functions defined on s ≤ t. This operator includes as particular cases the Weyl fractional integral (h ≡ 1 and k(s, t) = (t − s) α−1 ), the fractional one-sided Hardy-Littlewood maximal operator (k ≡ 1 and h(s, t) = (t − s) −α ) and the dual of the Hardy operator (h ≡ 1 and k ≡ 1). Finally we apply this result together with those in [MT1] to obtain a new characterization of the pairs of weights for which the fractional one-sided Hardy-Littlewood maximal operator is bounded. By weights we understand locally integrable positive functions. Throughout the paper, C will be a constant that may change from line to line. If A is any measurable set and g a positive function, g(A) will stand for the integral of g over A and if 1 < p < ∞, then p will denote its conjugate exponent. M u will denote the maximal operator defined by
which is known to be of weak type (1, 1) with respect to the measure udx. Our main results are the following theorems.
Theorem 1. Let 1 ≤ p < q < ∞ and consider the following two conditions:
(1) There exists C such that
(2) There exists C such that for any a < b < c
or there exists C such that for any a < b and almost all c > b
If h is non-increasing on its second variable, then (1.2) =⇒ (1.1). If h and k are non-decreasing on the first variable, then (1.1) =⇒ (1.2). 
Remarks. (1) One can, of course, change the orientation of the real line and obtain theorems for R α and for the operator
(2)Sufficient conditions for the weak type of the Weyl fractional integral were obtained by Kokilashvili and Gabidzashvili in [GK] .
(3) Theorem 2 for the two-sided fractional integral was obtained first by E. Sawyer [S] .
Proofs of the theorems
Proof of Theorem 1. (1.1) =⇒ (1.2). Assume first p > 1. We fix a < b < c, and consider the function
If a < x < b, we have
which contradicts (1.1).
The case p = 1 is obtained taking a < b < c − t < c, considering f = χ (c−t,c) and observing that then
Let us assume now that (1.2) holds and that h is non-increasing on the second variable. We fix λ > 0 and f ≥ 0 and
By continuity of the integral we can choose b so that
We define a sequence of points in (x, b) as follows:
Hölder's inequality gives
where the last inequality follows from the facts that 1/p − 1/q > 0 and
We have therefore proved that
and (1.1) follows from the fact that the operator M u is of weak type one-to-one with respect to the measure udx.
The case p = 1 is proved in a similar way.
Proof of Theorem 2. Let us assume that (1.1) for W α holds. If p > 1 we have
The case p = 1 is treated in the same way.
To prove that the condition is sufficient we fix f ≥ 0 and
If p > 1 we use Hölder's inequality and obtain
Now if k ∈ G we may write
We have thus proved that λ q u(I k ) ≤ Cβ
For any positive t we have
and it is enough to prove that A t is finite. Let us consider the following condition:
there exists C such that for any a < b
Letting c go to infinity we obtain (2.1). If p = 1 we fix a < b and observe that for y > b one has:
Finally we will prove (2.1) implies that A t is finite. It is enough to consider the case of small t, since
We may assume that f is bounded and with compact support. Let a and b be real numbers such that support of f is contained in (a, b) . Let us suppose then that t is so small that
We must then prove that − s, a) , and thus
If p > 1 we may write
Hölder's inequality and get
We have used (2.1) and the fact that
Proof of Theorem 3. The pairs of weights (u, v) for which the operator
The following duality argument shows that this condition is implied by the weak type of the fractional integral R α from L q to L p with respect to the weights (u Since it is an easy exercise to check that this condition is also necessary (even if p = q), the proof is finished.
Final remarks.
(1) Condition (2.1) characterizes the weak type of the Weyl fractional integral if 1 ≤ p < q < ∞. We have proved it is actually equivalent to the apparently weaker condition: There exists C such that for any a < b < c for which (2) Even though we have proved that (1.3) =⇒ (2.1), the proof of Theorem 2 is needed because Theorem 1 does not include the case p = q.
(3) The case 1 = p = q remains open even in the case of the two-sided fractional integral.
